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Abstract. The parastatistics algebra is a superalgebra with (even) parafermi 
and (odd) parabose creation and annihilation operators. The states in the paras- 
tatistics Fock-like space are shown to be in one-to-one correspondence with the 
Super Semistandard Young Tableaux (SSYT) subject to further constraints. The 
deformation of the parastatistics algebra gives rise to a monoidal structure on the 
SSYT which is a super-counterpart of the plactic monoid. 
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1. Introduction 

Let A be an associative unital algebra. We denote by • and [ , ] the associated 
symmetric and anti-symmetric operations: 

x»y = xy + yx, [x,y]=xy- yx. 

An easy lemma translates the associativity of A into the structure relations between 
the induced products. 

Lemma 1.1. (M. Livernet, J.-L. Loday (unpublished)) The algebra A is associative 

x(yz) = {xy)z 

when the operation [ , ] is a Lie bracket subject to the relations 

[x • y, z] — X • [y, z] + [x, z] • y (Leibniz rule) , 
[[x,y],z] = x»{z»y)~{x9z)»y. 

Definition 1.2. An algebra V is Poisson when the antisymmetric product [, ] and 
the symmetric product * satisfy 

(i) [[x, y],z] -\- [[?/, z],x\ -\- [[z, x\,y] — (Jacobi identity) 

(ii) X * {y * z) = (x * y) * z, 

(Hi) [x * y, z\ = x * [y, z\ ~\- [x, z\* y (Leibniz rule). 

Here [,] is the Poisson bracket and * stands for the commutative product of the algebra 
of the functions. 
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A straightforward corollary of the Lemma (jl.ip is the following one 

Corollary 1.3. Let the associative algebra A be also a Poisson algebra with commu- 
tative product * coinciding with the symmetric product: • = *. Then the associativity 
of • implies 

(1) [[x,y],z]=0. 

2. Parastatistics algebra 

The relations of type ([1]) appear in the general quantization scheme due to H.S. 
Green [9]. Instead of the canonical anticommutation relations between the creation 
a| and annihilation aj modes of the fermions 

(2) [ai, a]]+ = Sij , [m, aj]+ = , a]]+ = , 

Green introduced a scheme coined parafermi quantization based on the exchange 
relations 

[[a|,aj],4] = 2S^kal [[al,a^],ak] = -2S^kaj 

\^) t t t 

[[al,a'j],al] [[ai,aj],ak] = 

The associative algebra having relations ^ will be referred to as creation-annihilation 
parafermi algebra. The bilinear canonical relations imply the trilinear parafermi re- 
lations, thus the canonical quantization is a particular example of paraquan- 
tization. 

The creation (and the annihilation) parafermi modes alone close a subalgebra with 
double commutator relations as in ([T]). 

More generally, for a system including both odd and even degrees of freedom, the 
parastatistics relations 

(4) 

[[«l,«]l,4l = K,[a„a.ll = 

define the superalgebra where lx,y] := xy — (— l)^^j/a; is a Lie superbracket, the 
parabose operators are odd, and the parafermi ones are even generators (note that 
here the grading is the opposite to the usual one in which bose are even and fermi are 
odd). The Lie superalgebra C closed from the creation parastatistics modes a] is 2- 
nilpotent in view of the relation ||aj, aj], a^J = 0, cf. ([4]), thus for the Lie superalgebra 
C we have 

c = v®iv,vi 

Definition 2.1. Let us denote by V the vector superspace of dimension m\n spanned 
by the even (i — 0) parafermionic and odd (i = 1) parabosonic creation operators V ~ 
VoOVi^ C™l" and we suppose Vo = ®Zi ^4 and Vi = ©"tn+i ^4 := C^. 

The creation parastatistics algebra PS(V) is the universal enveloping algebra of the 
Lie superalgebra C , 

(5) PS{V) - U{C) - TiV)/I{V) I{V) = iiv, IV, VUU) 

that is, the factor of the tensor algebra T{V) by the ideal I(V) generated by the double 
supercommutators [8] . 
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From the Poincare-BirkhofF-Witt theorem for Lie superalgebras one gets [8] 

(6) PSiV) = UiC)^S{V)®SilV,Vj) 

where S{A) is the symmetric superalgebra generated from A (see below). 

2.2. Parastatistics Fock space. Palev shown [20j that the creation-annihilation su- 
peralgebra (|4]) with m parafermionic and n parabosonic degrees of freeedom is isomor- 
phic to the the orthosymplectic superalgebra ospi^_2m|2ri- This isomorphism allows 
us to define the parastatistics Fock space as a special [/(osp]^^2m|2n)"i'epresentation. 

Definition 2.3. The representation of the universal enveloping algebra U{o5pi^2m\2n) 
built on a unique vacuum space |0) such that 

(7) a,|0)=0 |a„a]]|0) =p,5y|0) 

will be referred to as parastatistics Fock space J-'{m\n;p) of the creation- annihilation 
algebra with m parafermions and n parabosons. The number p is called the order 
of the parastatistics. 

The creation parastatistics algebra PS(V) is universal in the following sense; the 
parastatistics Fock space J-{m\n;p) of order p is isomorphic to the quotient 

T{m\n;p) ^ PS{V) / M{V,p). 

For p — \ the parastatistics Fock space !F{m\n;p) is the ordinary Fock space J- of 
a system with m fermions and n bosons. 

Lemma 2.4. The elements Eij — i|a|^,aj] of the creation- annihilation algebra ^ 
satisfy 

lE,,,EMj = EuSjk - {-lY^-'^^^^-'^E,kS^i 
i.e. they close the general linear Lie superalgebra 2^m\n- superspace V is a 

fundamental representation of the superalgebra g[m|„, -E-y fl^ = Sjkal- 

The algebra 0lm|„ can be extended to the parabolic subalgebra 
V = span{ |aj, flj], aj, [a^, aj] ; i, j = 1, . . . , m 4- n} 

thus we have the chain of inclusions g[„j|„ C V C ospi+2m|2n - The subalgebra V acts 
trivially on the vacuum space C|0) hence the parastatistics Fock space J-{m\n;p) is 
the induced module 

.F(m|n;p) = Indp^^+^"i^"C|0) 

The inclusion 0[„|„ C ospi+2m|2ri implies that the space T{m\n;p) has decomposition 
into irreducible representations of 0lm|„. 

The tensor powers V®^ of the vector representation V are completely reducible 
[/(0[„l„)-modules. The t/(0[„|„)-irreducible subrepresentations of V^^ are indexed 
by Young diagrams (or partitions), i.e., in the same vein as the representations of the 
symmetric group. 

The roots of such a parallel of representations are in the double centralizing prop- 
erty of the superalgebra action and the sign permutation action of &r in End(T^®''). 
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Theorem 2.5. (The Schur-Weyl duality [?>[) Let the gl^^^^^- action p on V®"^ he 
p(X)(al ® . . . alj := Y.^-lf"'^''^ ® . . . (Xalj . . . ® al, Xe 0[„|„ 

k 

where pk{X) = ^X^j'^fc+i h- "5*5^ permutation action a on V'^^ be 

{al ® .. . ® a|jcr(r) e(T, /) ^^i^.^j (g, . .. ® r £ 6^ 

where ^{t,I) = ±1 is i/ie parity of the odd-odd (parahoson) exchanges. The ac- 
tions p and a of the generators are extended by linearity. The algebras a{C[&r]) 
and p(C^(0tm|„)) are centralizers to each other in End(y®'') 

(8) p(C/(0l„|„)) = EndeAV"! fT(C[6.]) = Endui^^^^^jV^l . 

Thus the superalgebra modules are determined from those of &r- An irreducible 
©^-module S*^ defines an irreducible C/(0[„|„)-module through the Schur functor 

where 6^ acts on V^^ by the sign permutation action a. For instance the r-th degree 
of the symmetric algebra S{V) is the Schur module attached to a single row diagram 
with r cells 

s{v) = ®r>o^''v, s'^y = (s"y c). 

The map a : C[6r] (y®'") is known to be surjective and its cokernel is 

given by Berele and Regev Hook lemma. 

Theorem 2.6. ( Berele and Regev [3]j The image a{C[6r]) — ^xer^^ ^^9''^ 
representation a in End(y®'') for the m\n- dimensional vector representation V is 
labelled by the subset T of diagrams with r cells included in a hook of arm-height m 
and leg-width n, 

T 

m 
i 



^ n ^ 
H{m, n; r) — {X\- r\Xj < n if j > m}, 

(9) a(C[6.])- S'. 

Definition 2.7. The super semistandard Young tableaux or (m, n) -semistandard Young 
tableaux of shape A are the fillings of the Young diagram A with the letters of the or- 
dered signed alphabet {1, . . . , m, 1, . . . , n} such that the even indices are nondecreasing 
in rows and increasing in columns whereas the odd indices are increasing in rows and 
nondecreasing in columns. 

We denote by H{m, n) ~ IJ^ H{m, n; r) all the diagrams within the hook. Note 
that a (m, n)-semistandard Young tableau is always of shape within the hook H{m, n), 
A G H{m, n). 
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The basis of the irreducible 0[„|„-module is indexed by the super semistandard 
Young tableau of shape A G H{m,n). As C[Sr]-C/(0[„i|„)-biniodule the superspace 
V®"^ is isomorphic to 

{ni \ r) 

The irreducible g[„|„-module can be lifted to a module of the supergroup 
GL{7n\n) [TD], thus can also be referred to as hnear supergroup GL(F)-module. 

The Weyl theorem for the polynomial GL(m)-modules is a particular instance of 
the Hook theorem when = Vb is a (bosonic) vector space, since H{m,0) are the 
diagrams with no more than m rows. The basis of an irreducible GL(m)-module 
with Am+i = is labelled by the usual semistandard Young tableaux (with indices 
nondecreasing in rows and increasing in columns) of shape A. 

It is worth noting that H(0,n) are the diagrams within a vertical strip, i.e., with 
no more than n columns, which label the GL(0|n)-modules when is a fermionic 
space V — Vi. The isomorphism GL{0\n) = GL{n) put in correspondence a Young 
tableau to its transposed. 

3. The C/(gI„|„)-MODULE PS{V) and the S-module PS 

Lemma 3.1. The double supercommutator subspace I3(V) = {V, {V, T^Jg)]® C V'^'^ is 
an irreducible Schur module 

F(2^i)^/3(y) = eC[63]®e3 V^®' 

arising as the Schur functor image of the &^-module /(3) = eC[63] = S'^'^'^\ where 
e stands for the Eulerian idempotent [16 

e = i ( 123 - i(231 + 213 + 132 + 312) + 321 
3 y 2 

Proof. The cyclic permutation of I3{V) vanishes due to the super Jacobi idenity 

Ix, ly,zjj + i-lfy+^'ly, Iz.xjj + {-ir+y'-lz, lx,yjj = , x,y,zeV 

thus hiV) n = = hiV) n y^^^ and, counting the dimensions, we conclude 

that laiV) — V'^'^-^^ . For the 63-representation /(3) the Jacobi identity implies 

/(3)-Indf/l . 

The rest is a direct calculation. □ 

Theorem 3.2. Let V be the m\n- dimensional super space. In the decomposition of 
the U {qI^^jJ -module PS{V) into irreducibles each V^, A G H{m,n) appears once and 
exactly once PS{V) ^ ®xeH(rr,,n) 

Proof. Let us consider first the case of an m-dimensional even space V = Vq. The left 
hand side of the Schur formula 



.— ^ l<i<j<7n 

is the character of the L/(0[„)-module PS{V) = S{V) ® S{[V,V]) in view of the 
Poincare-Birkhoff-Witt theorem. Then the sum of the Schur polynomials sx{x) (which 
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are characters of the irreducible C/(g[,„)-niodules V^) on the right hand side implies 
PS{V) = 0;^ — 0AeH(m 0) for = Vb where the sum on A runs on the Young 
diagrams with no more than m rows, A^+i = 0. Thus all nontrivial {/(gl^)- modules 
modules are present in PS'(Vb). 



Lemma 3.3. Let us have & — 0r>o -^^^ decomposition of the &-module PS = 
0^>QP5(r) contains each irreducible finite dimensional C[&r]-module 5''^, r > 0, 
exactly once PS = 0^ S'^. 

Proof of the lemma. We have PS{Vo) = 0^>o PSr{Vo). Let us denote by PS{r) 
the multilinear part of PS{Vo) of the r-homogeneous Schur functor PSr{Vo) for even 
space Vq of dimension r. The space PS{r) is a reducible ©^-module and from the 
decomposition of PS'(Vo) follows PS{r) = ^)^^j.S^. The statement of the lemma 
follows by induction on the dimension r. 

Now let us take to be a m|n-dimensional space. It is enough to apply the Schur 
functor PS to the superspace V. The nontrivial J7(0l„|„)-modules are labelled 
by Young diagrams within the (m, ?i)-hook and all these appear exactly once. Since 
^ iff A ^ Him, n) we get PS{V) - 0;,eH(™,n) ° 

Corollary 3.4. The hook generalization of the Schur identity reads 



where hs\(x) stands for the Hook Schur function of m even and n odd variables. 

Proof. The C/(0[,„|„) character of the Schur module , A G H{m,n) of the m\n- 
dimensional superspace is the hook Schur function [3] 

hs X^Xi , . . . , Xm-\-n ) ^ ^ -^/^ (-^1 ; ■ ■ ■ ; •^m)^ / ^' ; ■ ■ ■ ; -^m+n ) ■ 

where A' stands for the transposed Young diagram of A. The hook Schur functions 
have also a combinatorial definition 

hsx{x)= x'"*^^' \eH{m,n) 

TeSSYT(\) 

where the sum runs over all (m, n)-semistandard Young tableaux of shape A. One 
has hsx{x) = iff A ^ H[m, n). 

The algebra PS{V) is the universal enveloping algebra of the 2-nilpotent Lie su- 
peralgebra hence the Poincare-Bikhoff-Witt theorem for superalgebras yields 

PS{V) ^ §,{V ® S^V) ^ S{Vo) ® A{Vi) S{A^{Vo)) ® S{S^{Vi)) A{Vo A Vi) . 
Therefore the character Xps(v){x) of the C/(0l„|„)-module PS{V) reads 

'^'^"^''^^''^ n,,i=o(i - ^0 n.<, - ^.^.) n.j=i(i - ) 

which equals to the LHS of the eq. (fTU)l . On the other hand the character Xps{v) is 
a sum of the characters hsx of the irreducible components 1^^ which ends the proof 
of the identity (Uni). □ 
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4. PARASTATISTICS FOCK SPACES REVISITED. 

Parastatistics Fock space !F{m\n;p) of order p is the quotient of the PS'-algebra 
T{m\n;p) = PS{V)lM{V,p) , 
where the graded ideal M(y,p) is generated by the irreducible Schur module V'^^'' = 

M{V,p) = (Sf+V) . 

For parafcrmions V = Vo and the space §^'"'"-^y is the ordinary p + 1-symmetrizer 
corresponding to the one row diagram 

I I I i ---r I I I 

V , ' 

p+1 

therefore in the Fock space T{m\Q]p) no more than p identical paraparticles can 
occupy one state (tableau). Hence in general factoring by S^+^y the parastatistics 
algebra PS{V) is the superfication of the Fermi exculsion principle. 

Definition 4.1. The 6-submodule isomorphic to the factor of the &-module PS 

(11) PS^P^ ^ PS/{S^P+^'^) 

such that T{m.\n:p) = PS^p^V) = 0r>o ^'^'(p) (r) V'^'' will be referred to as 
p-restricted parastatistics &-m,odule 

PS^P^ = PS^P'^ (r) PS'-P^ (r) C C[S^] . 

r>0 

The decomposition of the p-restricted S-module PS^p^ contains once and exactly 
once each irreducible finite dimensional C[Sr]-niodule such that its partition A is 
restricted by p > Ai > . . . Ar > 0, 

(12) PS^^ =0 5^ 

A:Ai<p 

which means that we eliminate from PS all the irreducibles with diagrams with more 
than p columns. 

Let us denote by Fq the set of the self-conjugated partitions t] = r]', i.e., the 
partitions r] with Probenius notation 

(13) ?7 = (ai, Q!2, . . . , ctr |ai, a2, • ■ • , CKr), ai > a2 > . . . > > , 
and by Fp of the set of the partitions with p-augmented arms 

?7(p) = {ai +p, Q!2 + p, . . . , ttr + P \ai,a2, ■ ■ ■ , ar), ai > . . . > ar > ■ 
Thus 77(p) e Fp when t] e Fq. One has 5"'<f) C (S''P+^^). 

Corollary 4.2. The parastatistics Fock space J^{m\n;p) of order p as a U{qI^^^)- 
module is isomorphic to the sum of Schur modules 

(14) J^{m\n;p}^ 

AeH(P)(m,n) 
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where H^p^ {m,n) stands for the set of hook partitions H{m,n) with no more than p 
columns, Xi <p. The character formula for J- (m\n;p) yields the identity 

Proof. For an even space V = Vq (i.e., parafermions only) the J7(0[(V^))-character 
Xps^pHv) of the parastatistics Fock space PS'^p^V) = J^{m\0,p) reads 

Here the sum over the p-restricted Young diagrams is the character of PS^^^ {V) and 
the sum over the diagrams from E(p) ([13]) is the character of the factor PS{V)/M {V,p). 
In the works on parastatistics [15l [22] the proof of the identity p6|) is attributed to 
R. Kin£|. For our proof of the character identity see the appendix. 

Now let y be a superspace of dimension m|n. From the functoriality of the con- 
struction of the Fock space J-{m\n\p) as a submodule and factor-module of PS{V) 

T{m\n-p) = PS{V)/M{V,p) ^ PS^p\V) 

it follows the identity between the Hook Schur functions 

(17) ^vGFoy J v^y ) ^ y ^^^^^ _ 

Then the formula for the L/(g[„|„)-character Xps{v) (|10P implies the identity (jisp . □ 

Remark. 4.3. The N -complexes ^ arise in a natural way in the approach of Dubois- 
Violette and Marc Henneaux [6l[7] (see also the Marc Henneaux's contribution to this 
volume ) to the higher gauge spin fields. In the study of the gauge S-spin fields ( with 
S >1) the {S + l)-complexes are involved. The degrees of these complexes are spaces 
of tensors with Young-. symmetry type with the constraint that the row lengths of the 
corresponding Young diagrams are no longer than the spin S. The components of 
the tensor fields on are labelled by different Young tableaux (with entries from 1 
to D) and the total space of the {S + l)-complex has the same structure as the the 
parafermionic Fock space !F{D\{), S) of parastatistical order S . 

5. Deformed parastatistics and its para-Fock Space 

The parastatistics algebras Q of creation and annihilation operators allow for 
g-deformations as introduced by Palev [21]. The idea is to replace the universal en- 
veloping algebra (UFA) U{oB^ij^2m\2n) by the quantum UFA f/g(ospi+2m|2n) written 
in an alternative form, with a system of relations between generators corresponding 
to the parastatistics creation and annihilation operators. We are going to describe the 
deformation VS{V) of the creation parastatistics algebra PS{V). The space VS{V) 
is naturally a f7g(0[,„|„)-module and instead of working with the f/g(osp2+2m|2ri) 
lations we choose another approach based on the g-Schur modules and the Hecke 



^We are grateful to Ron King for sending us his proof of the identity l)16|l . 
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algebra. Our aim is to extract from 'PS{V) a combinatorial algebra having as ele- 
ments the super semistandard Young tableaux. 

5.1. Hecke algebra. The Hecke algebra Hr{q) is the associative algebra generated 
by gi, . . . , (?r-i with the relations 

9i9i+i9i = 9i+i9i9i+i i = 1, . . . , r - 1 

(18) 9t93 = 9j9i |i-j|>2 

gf = l + {q- q^^)9t i = 1, . . . , r - 1 

The specialization q ~ 1 yields the Coxeter relations of the symmetric group 6,. 
generated by the elementary transpositions Si — {ii + 1) for i = l,...,r — 1. 

The elements of Hr{q) are indexed by permutations in cr £ 6^, T„ G Hr{q) in the 
following way. Let Si^ . . . Si^, be the reduced word of the permutation cr, then 

Ta • ^Si-^ • • • ^Si^ ^ — • • • -^ifc 

where Tg^ — gi and the Coxeter relations (jlSp arc equivalent to the relations 

(19) TpT, = Tp, when \pa\ = \p\ + \a\ 

(20) Tl = 1 + (g - g-i)T,, 

For q generic the Hecke algebra Hr{q) is isomorphic to the group algebra C[&r]- 
The irreducible Hr{q)-modules Ti^ are indexed by Young diagrams with r boxes A h r, 
i.e., in the same manner as the irreducible ©^-modules. 

5.2. Parastatistics Hecke ideal. We now consider the iJ3( (7) -module X(3) = Ti.^^^'^^ 
which is a deformation of the 63-module /(3) = eC[63] = S'^^-'^\ To this end we find 
an idempotent e(g) £ H^{q) which is a deformation of the Eulerian idempotent e, in 
the sense that e(l) = e. 

Let us denote by uj the maximal element in Hj,{q), uj = 919291- 

Lemma 5.3. The equation for the idempotent e{q) G H^{q) 

(21) u;e{q) - e{q) 

fixes e{q) completely when q ^ ±1. The unique solution is given by the expression 
^{q) ■— 1^ (^123 — 2 (^231 + T213 + T132 + T312) + T321 

(22) -I- '^2[3] ("^213 — T312 — T231 + T132) . 

Proof. The statement can be checked by direct calculation in the Hecke algebra H3 (q) 
taking into account ri23 = 1, T213 = gi, T132 = 92, T213 = 31.92, 1312 = 3251, T321 = 

919291 = n 

Thus the symmetry Loe = e which holds true for the Eulerian idempotent e in the 
group algebra C[63] is preserved during the deformation. 

Let us define X(3) to be the right iJ3(g)-ideal T(3) = e{q)H3{q). By construction 
1(3) is an iJ3(q)-ideal such that its "classical" limit g ^ 1, i.e., its specialization to 

and Tf 



the C[S3]-module is /(3). It is spanned by two elements V]^ and r2^ 



(23) X(3) - C{q)Tf ® £{q)Tf 
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which can be chosen to be 

(24) = 9(7213 — T231) + 7i23 — Ti32 — T231 + T321 + q ^(7312 — T132) , 

(25) Fg^ = g(Ti32 — 1312) + 7i23 — r2i3 ^ T312 + T321 + q ^(7231 ^ ^213) . 
Written in terms of the iJ3(g)-generators gi and 92 the basis of Z(3) looks hke 

= 1 + 9.91 - (1 + 9"^).92 - (1 + 9).92.9i + 9"\9i.92 + 52^152 , 
Fg^ = 1 + 9,92 - (1 + 9"^).9i - (1 + 9).9i.92 + 9"\92.9i + 5i525i , 
and the _ff3(9)-action is determined by hnear continuation of the actions 
-ri2„ _ „-it12 -ri3 ri3„ — „ri3 

^3 52 - 9-'-3 ^2 52 — -9i2~-'-3- 

5.4. Quantum Schur-Weyl Duality. We are now going to sketch how the Hecke 
algebra is related to the deformation C/g(0[m|„) of UEA [/(0[m|„) providing a gener- 
ahzation of the Schur-Weyl duality. For the defining relations of the quantum UEA 
Uq{Q^m\n) scud the reader to 2^. 

We need some preliminaries on the i?-matrix. 

Lemma 5.5. Let V he a superspace of dimension m\n over the field K[q). The linear 
transformation R G End{V ® V) given by the (m + n)^ x (to + n)^ matrix 

(27) <^ ^ (_i)5i^(-i)^^.. SISI + (9 - q-') % SlSi 

is an R-matrix of the quantum linear supergroup GLq{m\n), i.e., R satisfies 
i) the Yang-Baxter equation 

R1R2R1 = R2R1R2 (i?i = i?®i i?2 = a®i?), 

a) the Hecke relation 

i?2 = T\_ + {q-q-^)R , 

having two eigenvalues ±9*"'^ appearing with multiplicities -)_ ^i'^^'^) _|_ 

The discrete step function 9ij is when i < j and 1 when i > j. 

5.6. Sign permutation action of the Hecke algeba Hr{q). Let us consider the 
left action aq : V®^ y®*" defined for the Hr{q) generators by 

(28) TT„(gs)a] ...a] a] ...a] = V a] . . . a\ a] ...a|i?ff+^ s<r-l 

and extended by linearity. This action is indeed a iJr(9)-representation by virtue of 
the Lemma l5.5l and it will be referred to as sign permutation action of Hr{q). In more 
details the action (|28|) reads 

r (-l)5eg(~i)-at ls = ^S+l 

7^q{gs)a\ = \ + (9 -9-^)67 < *.+i 

where the (multi)index permutation a'^^{I) ~ ii . . . is+iis ■ . - ir- In the limit 9^1 
one retrieves the sign permutation action of the symmetric group, 

U®VR \q^l = (-1)™U ® U . 
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Theorem 5.7. (quantum Schur-Weyl duality The sign permutation action ■Uq 

of the Hecke algebra Hr{q) and the action p of the quantum UEA ?/q(0[m[„) on V®^ 
are centralizers to each other 

(29) p(f/,(0L|J) - EndH^^,^{V®^) , TTqiHriq)) = Endu^^,^^^j{V®^) • 

The quantum version of the Schur-Weyl duality between the quantum UEA Uq{Ql„^)- 
action on the tensor power of the vector representation F®*" and the permutation 
action of the Hecke algebra Hr{q) is due to Jimbo lHj, whereas its super-counterpart 
given by Theorem 15.71 was done by Mitsuhashi [19]. 

5.8. The g-Schur functor. The quantum Schur-Weyl duality stated in Theorem l5.7l 
allows to build the representations of the quantum UEA C^rj(0lm|n) from the Hecke 
modules in the same fashion as the representations of U{2lm\n) (a-nd GL{m\n)) are 
built from S-modules. 

Let us have 7?-module A4 which is a family of right _ffr(9)-niodules J^{r), r > 0. 
Its associated q-Schur functor A4 : gVect gVect is defined as 

(30) MiV):=^Mir)(S)HA,)V^' 

r>0 

where F is a superspace over the field K{q) and the _ffr('?)-action on U®*" is the 
sign permutation action 7r^ (l28)l . The image A4{V) carries the structure of f/g(0lm|„)- 
module. The homogeneous components of A4{V) are denoted by 

Mr{V) := M{r) ®ha<i) . ■^(^^) = Mr{V) , 

r>0 

and their irreducible C/^(0[,^|„)-submodules are denoted by 

(31) = ^HAi) > ^ e H{m, n) . 

Definition 5.9. The braided parastatistics superalgebra VS{V) is the factor algebra 
of the tensor algebra of V by the ideal T{V) 

PS{V) ^ T{V)/I(y) 

where T{V) = ®r>3-^r{V) is the twosided ideal generated by TsiV) 

(32) Ir{V)^ V®'®l3{V)®V®3, r>3. 

i+j+3=r 

and T^lV) stands for the image of the right H3{q)-module 1(3) — e{q)Hq(3) by the 
q-Schur functor 

Proposition 5.10. /'[l?! j Let a| be a basis of the m\n- dimensional superspace V — 
©C(g)aJ. The superspace I^iy) = V^'^'^^ is an irreducible Uq{Q{^^\^) -module 



(33) 
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where the sum runs over all {m,n)-Semistandard Young Tableaux of shape (2, 1) and 
the spanning elements (chosen to be polynomial in q^^) read 



22 
22 

-pili2 

22 

-pi2i2 

23 

p22 23 
22 



Kl,I«l3,a|jl.- 



«l3JaL«2Ul 



J. 



Li«l2,«Ui,- 



22 ' 23 



Zl < Z2 < «3 , 

il < Z2 < 43 , 

Zl < 22 , Z2 = 1 

h < 12 , «2 = 

42 < is , «2 = 1 

42 < is , «2 = 



Proo/. The Schur functor attached to the i/g (g)-niodule X(3) = C(g)rJ2 C{q)Tl^ 
is the C/q(g[„|„)-module I3(V^) of the relations of the algebra PS{V). The direct 
calculation of the quantities Fg^ ^Hsiq) (o| ® a] (g) a[) and ®ff3(q) (aj ^ a] ® al) 
yields elements which are either proportional (with coefficients in C{q)) to some r^-* 
from (|33p or zero. By construction these elements span X3{V). □ 



6. Plactic monoid. 

Let us consider the free monoid of words written in the alphabet A, the mul- 
tiplication being the juxtaposition of words. The plactic monoid ^14j is the set of 
the equivalence classes in the free monoid for the equivalence defined as the words 
with P-equivalent tableaux in the Robinson-Schensted (P, (5)-correspondence. The 
P-equivalence coincides with the equivalence with respect to the Knuth relations 

xzy = zxy x < y < z 

yxz — yzx x < y < z 

with x,y, z €z A. The classes of equivalent words in the plactic monoid are in bijection 
with the Semistandard Young Tableaux with entries from the alphabet A. The algebra 
of the plactic monoid will be denoted as Plac{A). 

On the other hand in view of Theorem 13.21 and Corollary 13.41 the states in the 
parastatistics algebra PS{V) with m parafermi degrees of freedom are in bijection 
with the Semistandard Young Tableau with entries from {1, . . . , m}, that is, the set 
of indices of the vector space V = Vq. 

This parallel suggests an interrelation between the algebra PS(V) and the plactic 
algebra Plac{V). Surprisingly in revealing this interrelation the quantum UEAs play 
a key role 0] . 

7. Plactic Superalgebra and the Parastatistics Algebra 

Let K be the subring of rational functions without a pole at K C C(g). By 
the evaluation map f{q~^) i— > /(O) we have an isomorphism K/q^^K = C. 

Definition 7.1. (Kashiwara jl2j j Let W be a <C{q)-vector space. The local base of 
W at q-'^ = is the pair {L, B) where L is a free K-module and B is a base of the 
C-vector space L/q^^L. 
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Let US denote by F the basis of the space X^iV), 

r = { r*J*^ I -^^'^ is a (m, n)-semistandard hook tableau} 

and by 7 the base of T/q^^T. 

By applying the evaluation map one gets the following 

Corollary 7.2. The base 7 is given by the elements 

a^al^a]^- {-ly^'^al^alal, (ii < ^2 < 13 , ^2 = 0) or (ii < Z2 < «3 , ^2 = 1) 
"Is^li^l " ("I)''''"l2"l3"li ' (*i < «2 < «3 J2 0) or {ii <i2 <i3,h = l) 

The Uq{Ql^^„) -module 23(1^) has a local basis (r,7) at the point q^^ — 0. 
The algebra PS{V) at the point q^^ = with relations 

xzy ~ {—lY^zxy , < y < z , y — 0) or {x < y < z , y = 1) 

yxz = {—l)^^yzx , {x < y < z , y = 0) or {x < y < z , y ~ I) 

will be denoted by Placz^iV), a super-counterpart of the plactic algebra. These 
relations are a Z2-version of the Knuth relationqj of the plactic monoid on a signed 
alphabet {1, . . . m, 1, . . . , n} of the indices of the basis of the superspace V = Vq®Vi. 
The classes of equivalent words modulo the super-Knuth relations are in one-to-one 
correspondence with the semistandard (m, n)-hook tableaux on one hand and and to 
the states in the universal parastatistics algebra 'PS{V) on the other hand. 

The states in the parastatistics Fock space !F(m\n,p) correspond to semistandard 
(m, n)-hook tableaux whose rows are p-restricted, that is, with lengths not exceeding 
p boxes. In the superalgebra Placz2{V) the p-restriction on the rows is imposed by 
the condition 

xi... xkyk+i ■ ■ ■ Vp+i = xi < . . . <Xk < yk+i < ■■■ < yp+i 
where Xi — and yj = 1. 
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Appendix A. Parafermionic Fock Space Character 
We are giving a sketch of the proof of the character identity 
(34) ^(_1)^(N-(P-1W,^(:,) = J|(l_a;,)n(l-^^^.) E ^^(x) 

rj&Fp i i<j X:l{X')<p 

which is equivalent to the one in eq. (|15p when we change the summation on the 
self-conjugated partitions -fo by summation on the p-augmented partitions Fp. In 
Macdonald's book on symmetric functions the special case p = of the latter formula 
is given (see p. 79 \TE\ ) 

where the sum is over the selfconjugated partitions i] = rj' . 

We shall prove the character identity for every p G N with the help of the Weyl 
identity for the Weyl groups W of type A„_i and i?„ 

w£W aeR+ 

where e{'w) is the sign of the element w and p is the Weyl vector p = ^ J2aeR+ 
The exponentials of the weights are formal. 

Let Vi be the standard basis of R". The root system of type An-i and Bn are 

^o = {TVi±Vj} C A = {±Vi, ±Vi±Vj ,TVi±Vj} ^ <i < j <n 

and the subsystems of the positive and negative roots are = Aq fl A^ and 

A"*" = {vi , Vi ± Vj} , A^ = { ~Vi , -Vi ±Vj} , I <i < i <n . 

hence the respective Weyl vectors differ by a constant vector 6* = ^ ^ 

Pa^^{-^ + ^-i)vi , p = ^{n+ --i)v^ , p = nd + Pq . 

4=1 1=1 

The Weyl group Wq of the root system Aq is the symmetric group 6„ permuting 
the indexes of the vectors Vi , while the Weyl group W of the root system A is the 
semidirect product of Wq with the group acting by Vi i-^ SiVi where = ±. 

The root system A has two commuting involutions cq and c 

Co : V, t-^ Vi> := u„+i-i , c : Vi ^ -Vi 

uniquely determined by co(A(|^) — Aq and c(A"'") ~ A^. These involutions are 
defined by the action of the element of the maximal length in the Weyl group of v4„_i 
and i?„, respectively. 

The Weyl identity for A+ yields 

w^W i i<j i<j 

The sum over the Weyl group W can be spHt as 
(35) 
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where s{wo) is the signature of the permutation wq and (—1)*^ •= 11 = ■ 
The action of the involution cq is equivalent to a resummation on Wq and change 

the sum by the signature of the clement of maximal length in Wq, i.e., (— 1) 2 . 
With the identification Xi = e~^» and using the Weyl identity for we get 

Mi I 

(36) l[{l-x,)l[il-XiXj)=J2i-'^yr7^\ with Mi=P0i + (l-ei'W • 

Lemma A.l. In the &n-orbit of the weight fj, = /x(ei, . . . , e„) = "^i^iVi uniquely 
determined by the data 0/ {ei, . . . , e„} there exists one and only one representative 

X + po = such that Ai > A2 > . . . > A„ > , 

i.e., X is a Young diagram. The weight A is autoconjugated A = A'. The signature of 
the permutation a is 

(37) e(CT) = (-1)^(2: ^ 
where |A| — ^ A^ and r is the num,ber of diagonal boxes in A. 

Proof: By construction the numbers jii are all different therefore /Zj can be always 
arranged by a permutation a into decreasing order, and then it will be a sum of a 
partition A and the vector po (with strictly decreasing components poi+i — poi = !)• 

Given a vector p = p{ei, . . . , e„), that is, a configuration {ei, . . . , e„} we choose A to 
be such that the projector projects to the hook (/3i|aj) in the Probenius notation 
with ai = /3i = n — i. In other words, A = (ai, . . . , Q!r|Q!i, . . . a^) and r = ^ 
From the formula for the number of boxes of A 

1^1 = ZI/^-tW -^Poi = - ei) = l](2n - 2« + l)^-y^ 

i i 

it follows that our choice of A is a compatible one and therefore is the only possible 
one since A such that A + po = o'(m) is unique. 

For example the 2^ Young diagrams A appearing in the case n = 2 read 



• ■>- • .3- • • • > • • • • • • • 

t A A A 

• • • • — • • • • ■>■ • • • • 

^ ^ ^ A 

• • • • • • • — • • • — *- • — s- • 

(e2,ei) = ++ (e2,ei)=H — (e2,ei) = — h (e2,ei) = 

A = emptydiag. A = (0|0) A = (1|1) A=(1,0|1,0) 



The signature of a is the number of exchanges needed to bring the components 
Pi = Poi + (1 ~ ^i')Pi' into decreasing order, 

= Yi^9n{pi- Pj) ='[[s9n{{l-ei>)pi' - {l-ej')pj') 

i<j i<j 

= n ^^^^^^ ~ '^i^pi'i ■= n ■ 

i>j i>j 

Due to Pi < pj when i > j the exchange sign Sij depends only on the smaller index 
Sij = sgn{{l - €i)pi - (1 - ej)pj) = (-1) ^ , i> j 
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hence the signature of the permutation a depends only on |A| and r 

□ 

Using the lemma and the determinantal formula SA(x)|xf^| = Ixf'+^^l we get 
(38) - ^■') 11(1 - x^^ = ^(-1)^^ = ^ (-1)^(1^1+0,, (^) 

where the sum runs on the autoconjugated Young diagrams (g[„-weights). This ends 
the proof of the character identity in the special case p — 0. 

The sum over the Schur functions with no more than p columns can be represented 
as a quotient of determinants (see p. 84 in the book of Macdonald [18]) 

A: H\')<p 

where Dp = J2wew ■ character formula of the para-Fock module 

can be rewritten into the following equivalent form 



(39) (-l)^^''''"'^"'^''^sr,(x) = (-1)(? 



(J) ^p+pe 



Proceeding as in the case p = we bring the RHS to 



(40) ^it^ l^^^PO^ + il-e,,)p^'+^ 



Lemma A. 2. In the &n-orbit of the weight v = ^(ei, . . . , Vn) — '^i^i there exists 
one and only one representative A such that 

A + po - , Ai > . . . > A„ > , 

belongs to Fp, that is, A = (ai + p , . . . ,ar + p\ai, . . . ,ar) with r <n. The signature 
of the permutation a is 

e{a) = (-l)3(l^l-(p+i)'-) . 
The 2" configurations of {ei} are in bijection with the gl^^-weights from Fp. 

Sketch of the proof: The proof goes in the same lines as the proof of lemma lA.ll 
Given a collection {ei} we choose a diagram A such that the projector projects 
on the Frobenius hook {Pi\ai) with Pi = n — i + p and ai = n — i. From the formula 
for the number of boxes in A S -Fp 

|A| = ^(^, - poi) = - + f ^ E(2" - 2* + ^+P^^^ ' 

implies A + po = (^{v) (such a A is unique). Every configuration {ei} gives a different 
Young diagram A € Fp thus the total number is 2". The signature e(a) is 



i(|A|-(p+l)r) 

i<j 



e{cT) = Y[sgn{,y, - i.,) - (-l)2:(n-.)^ ^ („i) 

□ 
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Finally with the help of the lemma we conclude that 



SO the character identity ([M)) of the parastatistics Fock space holds true. 
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